
PHYS 622: Quantum Mechanics II 

Due date: none … do not turn in. 

 

Practice Problems: Dirac Equation 

 

1. Dirac matrices, part 1 [Sakurai & Napolitano 8.8] 

Prove that the traces of the , i (i=1,2,3),  matrices are all zero. 

 

2. Dirac matrices, part 2 [Sakurai & Napolitano 8.9] 

a) Derive the matrices  from 8.2.10 and show that they satisfy the Clifford algebra 8.2.4 

b) Show that 

𝛾0 = [
𝐼 0
0 −𝐼

] 

𝛾𝑖 = [
0 𝜎𝑖

−𝜎𝑖 0
] 

Where i=1,2,3, I is the 22 identity matrix, and 𝜎𝑖 are the 22 Pauli matrices. 

 

3. Plane wave solutions of the Dirac equation 

We will look for the general plane wave solutions Ψ(𝑟, 𝑡) = 𝑢⃗⃗𝑒𝑖(𝑘⃗⃗∙𝑟−𝐸
ℏ
𝑡) for a particle of 

mass m, where Ψ is a 4-component Dirac spinor, 𝑢⃗⃗ is a 4-component vector, E is the 

energy, and 𝑝⃗ = ℏ𝑘⃗⃗ is the momentum. 

a) Show that the Dirac equation can be put into the matrix form 

[
 
 
 

𝐸 − 𝑚𝑐2 0 −𝑐𝑝𝑧

0 𝐸 − 𝑚𝑐2 −𝑐(𝑝𝑥 + 𝑖𝑝𝑦)
−𝑐𝑝𝑧

−𝑐(𝑝𝑥 + 𝑖𝑝𝑦)
−𝑐(𝑝𝑥 − 𝑖𝑝𝑦)

𝑐𝑝𝑧

𝐸 + 𝑚𝑐2

0

     −𝑐(𝑝𝑥 − 𝑖𝑝𝑦)
   𝑐𝑝𝑧

    0
         𝐸 + 𝑚𝑐2 ]

 
 
 

(

𝑢1

𝑢2
𝑢3

𝑢4

) = (

0
0
0
0

) 

 

b) Show that the four normalized solutions of this equation are 

Ψ+,𝑅(𝑟, 𝑡) = 𝐴𝑒𝑖(𝑘⃗⃗∙𝑟−
𝐸+
ℏ

𝑡)

(

 
 

1
0

𝑐𝑝𝑧
𝐸++𝑚𝑐2

𝑐(𝑝𝑥+𝑖𝑝𝑦)

𝐸++𝑚𝑐2 )

 
 

         Ψ+,𝐿(𝑟, 𝑡) = 𝐴𝑒𝑖(𝑘⃗⃗∙𝑟−
𝐸+
ℏ

𝑡)

(

 
 

0
1

𝑐(𝑝𝑥−𝑖𝑝𝑦)

𝐸++𝑚𝑐2

−𝑐𝑝𝑧
𝐸++𝑚𝑐2

)

 
 

 



Ψ−,𝑅(𝑟, 𝑡) = 𝐴𝑒𝑖(𝑘⃗⃗∙𝑟−
𝐸+
ℏ

𝑡)

(

 
 

𝑐𝑝𝑧
𝐸−−𝑚𝑐2

𝑐(𝑝𝑥+𝑖𝑝𝑦)

𝐸−−𝑚𝑐2  

1
0 )

 
 

            Ψ−,𝐿(𝑟, 𝑡) = 𝐴𝑒𝑖(𝑘⃗⃗∙𝑟−
𝐸+
ℏ

𝑡)

(

 
 

𝑐(𝑝𝑥−𝑖𝑝𝑦)

𝐸−−𝑚𝑐2  
−𝑐𝑝𝑧

𝐸−−𝑚𝑐2 

0
1 )

 
 

 

Where 𝐸± = ±√𝑚2𝑐4 + 𝑐2𝑝2 are the associated energies of the Dirac spinors. 

Also, 𝐴 = √𝐸++𝑚𝑐2

2𝐸+
 is a normalization factor. 

 

4. Lorentz boost of a plane wave 

Consider an electron of mass m at rest in a reference frame R. Write down the Dirac 

spinors Ψ0(𝑟, 𝑡) for the electron in the R frame. 

Next consider an observer in a frame R’ moving with velocity 𝑣 = 𝑣𝑧𝑧̂ with respect to R. 

Use the Lorentz boost transformation matrix S for Dirac spinors, Ψ′(𝑥′𝜇) = 𝑆Ψ(𝑥𝜇), to 

calculate  Ψ′0 (𝑟′⃗⃗⃗, 𝑡′) for the electron in the R’ frame, and verify that it is consistent with 

the Dirac spinors for a plane wave obtained from the formulas in problem 3b. You may 

choose to work with a single one of the four possible Dirac spinors. 

 


